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Abstract. We describe the Whitehead products in the rational homotopy 
group of a connected component of a mapping space in terms of the Andre- 
Quillen cohomology. As a consequence, an upper bound for the Whitehead 
length of a mapping space is given. 



1. Introduction 

We assume that all space in this paper are path connected CW-complexes with 
a nondegenerate base point *. Let X and Y be simply-connected spaces and 
map(A, Y; f) the path component of the space of free maps from X to Y con- 
taining the based map / : X — > Y. We denote by AV and B a minimal Sullivan 
model for Y and a model for X, respectively. Let / : AV — s> B be a model for / 
and Der*(AV,.B; /) the complex of /-derivations; see next section for proper defi- 
nitions and details. The cohomology of Der*(AV, B; f) is called the Andre-Quillen 
cohomology of AV with coefficients in B, denoted by H^q(AV, B; /); see pQ. 

Suppose that A is a finite CW-complex. The nth rational homotopy group of 
map(A, Y; f) is isomorphic to H^q(AV, B; f) as abelian groups for n > 2. This 
fact has been proved by Block and Lazarev pQ, Buijs and Murillo [3], Lupton 
and Smith [TTJ. Moreover Buijs and Murillo [3 defined a bracket in the Andre- 
Quillen cohomology H'^q(AV, B; f) which coincides with the Whitehead product 
in 7r*(map(A, Y; /)) ® Q. We mention that the isomorphism due to Buijs and 
Murillo is constructed relying on the Sullivan model for map(A, Y; f) due to Hae- 
fliger [B] and Brown and Szczarba pQ. To this end, the finiteness of a model B for 
the source space X is assumed in the result [H Theorem 1.3] and also [3 §3]. 

On the other hand, a finiteness hypothesis of X shows that 7r„ (map(A, Y; /))<8>Q 
is isomorphic to 7r„(map(A, Yq; If)), where I : Y — > Yq the localization map; see 
[51 II. Theorem 3.11] and [T31 Theorem 2.3]. Then the isomorphism constructed in 
PQ and [TT] factors as following; 

7r n (map(X, Y; /)) ® Q -^*- 7r n (map(A, Yq; If)) H^(AV, B;J). 

The proper definition of $ is described in Section 2. By the proof of [111 Theorem 
2.1], we see that the second map $ is an isomorphism without a finiteness hypothesis 
of X. Also the assertion of [TJ Theorem 3.8] is that the map $ is an isomorphism. In 
this paper, we introduce a bracket in the Andre-Quillen cohomology which coincides 
with the Whitehead product in 7r*(map(A, Yq; /)) up to the isomorphism $ without 
assuming that X has a finite dimensional commutative model. 

Let A be a simply-connected space with a commutative model B and Y be a 
Q-local, simply-connected space of finite type. Then we have a model / : AV — > B 
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for a based map / : X — > Y. Now, we define a bracket in H^q(AV, B; /) 
[ , ] : Hl Q {hV,B-J)®HZ Q {hV,B-J) — > H%+ m +\AV, B-J) 

by 

(f.l) [<p,il>\(v) = 

(-i^EtB- 1 )^' • ' ' «*-i)y(«07(«i+i • • • vi-Mvjtfte+i ■ ■ ■ «.)) , 

where w is a basis of V, = ■ • • v s and 

WEW) + M(El«*|) + MH (i<j) 
l »j ~~ ^ t-i j-i 

M(J>*I) + M(5>*I) (J<i) 
fe=l fc=l 

The following is our main result of this paper. 

Theorem 1.1. The isomorphism $ : 7r„(map(X, Y; /)) -> H^(AV, B; f) is 
compatible with the Whitehead product in 7r n (map(X, Y; /)) and t/ie bracket in 
H^(AV,B;J) defined by the formula (|l.ip . 

If X is finite, then the bracket in i?^q(AV, B; /) coincides with that due to Buijs 
and Murillo [3 up to sign. Thus Theorem 1 1.1 1 is regarded as a generalization of [3, 
Theorem 2]. Let map^X, Y; /) be the path-component of the space of based maps 
form X to Y containing the based map / : X — > Y. We apply the same argument 
to the case of the based mapping space map + (X, Y; /); see the last of Section 3 for 
details. 

As an application of the main result, we study the Whitehead length of a mapping 
space. The Whitehead length of a space Z, written WL(Z), is the length non-zero 
iterated Whitehead products in 7r>2(Z). In [12] , Lupton and Smith give some 
results and examples related to a Whitehead length of mapping spaces map(A, Y; f) 
using a Quillen model. We will give another proof of their results using the bracket 
in the Andre-Quillen cohomology; see Proposition 14. II To give an upper bound for 
the Whitehead length of map >t (A, Y; /), we introduce a numerical invariant. 

Definition 1.2 ([5J p315]). Let A be a connected graded algebra. The product 
length of A, written niL4, is the greatest integer n such that A + A + ■ ■ ■ A + ^ (n 
factors). 

In [2], Buijs proved the following theorem. 

Theorem 1.3 ([2] Theorem 0.3]). Let X and Y be simply- connected spaces with 
finite type over Q and B a model for X . If WL(Yq) = 1, then 

WL(map*(A,y;/)Q) < niLB - 1. 

Using the bracket in the Andre-Quillen cohomology, we can prove the following 
proposition, which refines the above result in the case when the source space of the 
mapping space is finite CW complex; see Remark FOl 

Proposition 1.4. Let X and Y be simply-connected spaces with finite type over Q 
and B a model for X . Assume further that Y is Q-local. Then, we have 

WL(map,(X,Y;/))<niLB. 

Moreover, ifWL(Y) = I and m\B > 2, then 

WL(map„(A,r ; /)) < ——(niLB - 1) + 1, 
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where U) = mm{n > 2 | d(V) C A^"V}. 

We will also compute the Whitehead length of mapping spaces map(CP°° x 
CP m ,CP$> xCP&f). 

The organization of this paper is as follows. In Section 2, we will recall several 
fundamental results on rational homotopy theory. The isomorphism $ in [I] and 
[TT] is also described. In Section 3, we prove Theorem ll.il To this end, a model for 
the Whitehead product of mapping spaces will be constructed in the section. The 
Whitehead length of mapping spaces is considered in Section 4. A computational 
example of the Whitehead length is presented in Section 5. 

2. Preliminaries 

We refer the reader to the book [3] for the fundamental facts on rational homo- 
topy theory. A Sullivan algebra is a free commutative differential graded algebra 
over the field of rational numbers Q (or simply CDGA in this paper), (AV, d), with 
a Q-graded vector space V — (£) i>1 V % where V has an increasing sequence of sub- 
spaces V(0) C V(l) C • • • which satisfy the conditions that V — \J i>0 ^(*)> d = 
in V(0) and d : V(i) -> AV(i - 1) for any i > 1. 

We recall a minimal Sullivan model for a simply-connected space X with fi- 
nite type. It is a Sullivan algebra of the form (AV, d) with V = (J) i>2 V* where 
each V % is of finite dimension and d is decomposable; that is, d(V) C A- 2 V. 
Moreover, (AV,d) is equipped with a quasi-isomorphism (AV, d) Ap^(X) to 
the CDGA Ap^(X) of differential polynomial forms on X. Observe that, as al- 
gebras, H*(AV,d) = H*(A PL (X)) = H*(X;Q). For instance, a minimal Sulli- 
van model for the n-sphere S n , M(S n ), is the form (A(e n ),0) if n is odd and 
(A(e n , e2„-i),de2n-i = &n) ir 71 is even, where |e„| = n and |e 2 „-i| = 2n — 1. 

A model for a space X is a connected CDGA (B,d) such that there is a quasi- 
isomorphism from a minimal Sullivan model for X to B. The two maps of CDGA 
ipi and ip2 from a Sullivan algebra AV to a CDGA A are homotopic if there exists 
a CDGA map H : AV ->■ A ® A(t, tit) such that (1 • £j)i? = for i = 0, 1. Here, 
A(t,dt) is the free CDGA with \t\ = 0, \dt\ = 1 and the differential d of A(t, dt) 
sends t to <ii. The map £j : A(t,dt) -> Q defined by £j(t) = z. Denote [AV, A] by 
the set of homotopy classes of CDGA maps from AV to A. 

Let / : X — > Y be a map between spaces of finite type. Then there exists a 
CDGA map / from a minimal Sullivan model (AVy , d) for Y to a minimal Sullivan 
model (A Vx , d) for X which makes the diagram 

AMY) ApL</) . AMY) 



AV Y >■ AV X 

/ 

commutative up to homotopy. Let p : AVx B a model for X, we call pf a 
model for / associated with models AVy and B and denote it by /. 

We use the following result when constructing a model for the Whitehead product 
of a mapping space. 

Proposition 2.1 (0 Proposition 12.9]). Let A and C be CDGAs, AV a Sullivan 
algebra and n : A — > C a quasi-isomorphism. Then the map 

tt, : [AV, A] — > [AV, C] 

induced by n is bijective. 
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Remark 2.2. If ir is a surjective quasi-isomorphism, we can construct a CDGA 
map <f> : AV — > A such that ir<f> = %j) for any CDGA map ip : AV — >■ C by induction 
on a degree of V ([5] Lemma 12.4]). Assume that (f>d(v) is defined for any basis v 
in V. Since n is a surjective quasi-isomorphism and ~K<j>d(v) — dip(v), we can find 
a E A such that d(a) = 4>d(v) and 7r(a) = ip(v). Then, we extend <p with <p(v) = a. 

We next recall the definition of the Whitehead product. Let a G 7r n (X) and /3 G 
TT m (X) be elements represented by a : S n — > X and b : S m — > X, respectively. Then 
the Whitehead product [a, f3] w is defined to be the homotopy class of composite 

n V(aVb) 
gn+m-1 v gm „ x 

where rj is the universal example and V : X V X X is the folding map. Recall 
that the differential d of AV can be written by d = J2i>i di with di(V) C A l+1 V . 
The map d\ is called the quadratic part of d. We see that the quadratic part d\ is 
related with the Whitehead products in n*(X). We denote by Q(g) n : V n — > Qe„ 
the linear part of a model for g, 5 : At/ — > M(S n ). Define a paring and a trilinear 
map 

{; ) :V xtt»(A) — ► Q, 

( ; , ) : A 2 V" x 7r*(X) x 7r„(A) — > Q 

by 

Q(g) n v (\v\ = n) 
(\v\^n) 



(v;a)e n 
and 



(v«;;a,/9) = (v;a)(w;fl + (-l)^(w;a)(v; (3), 

respectively. 

Proposition 2.3 ( 5, Proposition 13.16]). The following holds 

{d lV ;a,p) = (-l) n+m - 1 {v;[a,l3] w }, 
where v G V, a G ir n (X), (3 G ir m (X). 

We conclude this section by recalling the isomorphism $ defined in [T] and [TT] 
from 7r„(map(A, Y; /)) to H^q(AV, B; /) in the setting of a simply-connected space 
X and a Q-local, simply-connected space Y with finite type. We here recall the 
complex of /-derivations from AV to B which denoted by Der*(AV, B; f). An el- 
ement 6 G Der n (AV,-B; /) is a Q-linear map of degree n with 9{xy) — 0(x)f(y) + 
(-l) n WJ(x)6(y) for any x,y G AV^. The differentials d : Dei n (AV, B;J) -> 
Der" +1 (Ay,S;/) are defined by 9(0) = d<9 - (-l) n 6>d. 

Let a G 7r„(map(A, Y; /)) and g : S n x X — >• V the adjoint of a. We note that 
g satisfy g|x = /• Then there exists a model ~g : AV — > M(S n ) ® B for g such that 
the following diagram is strictly commutative; 



M{S n ) <g> B 




where e : M(S n ) — > Q is the augmentation; see Lemma [3.11 Since 5 n is formal, 
there is a quasi-isomorphism : M(S n ) — > (H*(S n ; Q), 0) and, for any i? G AV^, we 
may write 

(</> <g> l)s(v) = 1 <E> J(v) + e„ ® 0(u). 

Then we see that is a /-derivation of degree — n and also a cycle in Der*(Al/, £?; /). 
Put $(a) = 9. 
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Theorem 2.4 Ql,, Theorem 3.8] QTJ Theorem 2.1] ). The map 

$ : 7r n (mappr, Y; /)) — ► B^AV, B; /) 
is an isomorphism of abelian groups for any n > 2. 

3. A MODEL FOR THE ADJOINT OF THE WHITEHEAD PRODUCT 

We retain the notation and terminology described in the previous section. In 
order to consider the image of the Whitehead product in 7r*map(X, Y; f) by the 
isomorphism <&, we construct an appropriate model for the adjoint of the Whitehead 
product. This is the key to proving Theorem 11.11 Let I be a simply-connected 
space, Y a Q-local, simply-connected space of finite type and / :I-)Fa based 
map. We denote by (AV, d) and [B, d) a minimal Sullivan model for Y and a model 
for X, respectively. Let / : AV — > B be a model for / associated with such the 
models. 

We prepare for proving Theorem ll.il We see that a minimal Sullivan model for 
S n V S m has the form 

M(S n V S m ) = (M(S n ) ® M(S m ) <g> A(t n+m ^ 1 ,x 1 ,x 2 , ■■■),d) 

in which di„ +m _i = e n e m and |i n +m-i| = n + m — 1 < \xi\ for any i > 1; see 
P 177]. 

Lemma 3.1. Let g : S n x X — > Y be a map with g\x = f ■ Then there exists a 
model g for g such that the diagram is strictly commutative; 

AV > M{S n ) ® B 



B, 

where e : M{S n ) — > Q is the augmentation. Moreover, if g satisfy g\x — f and 
g\g n = *, where * : S n — > Y is the constant map to the base point, then there is a 
model ~g for g such that the following diagram commute strictly; 

M(S n ) 




M(S n ) (8) B 



B, 

where u : Q —> M{S n ) is the unit map. 

Proof. Let g' be a model for g. We define the map g : AV — > M(S n ) ® B by 

g(v) = l®(f-(e-l)g')(v)+g'(v). 

Then g and ~g' are homotopic. Indeed, / and pr o ~g' are homotopic and let H : 
AV — > B (gi A(t, dt) be a its homotopy. Then, the map H : AV — > M (S n ) ® B ® 
A(t, dt) defined by 

H(v) = 1 (gi H(v) + g'(v) ® 1 - 1 ® (e • l)g» ® 1 

is a homotopy from to A similar argument shows the second assertion. □ 

Given a € 7r„(map(X,Y; /)) and (3 £ 7r m (map(X, Y; /)). Let j : S" x I ^ 7 
and /i : S' m x X — > Y be the adjoint maps of a and /3, respectively. In order to 
consider the image of [a,/3]u, by <£•, we construct a model for the adjoint of [a, j3] w 

ad{[a, (5] w ) : S n+m ~ l x X " Xl {S n V S m ) x X (§W > y, 
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where (g\h) is a map defined by {g\h)(u n , x) — g(u n ,x) and (g\h)(u m , x) — h(u m ,x) 
for any u n € S n , u m 6 S m and x 6 X. It is readily seen that the canonical map 

7T : M(S n V S* m ) — > Af (S n ) x Q M (S m ) 

is a surjective quasi-isomorphism, where M(S n ) xq M(S m ) is the pull-back of the 
augmentations M(S n ) -> Q and M(S m ) -> Q. By Proposition [27IJ we have the 
following homotopy commutative square 

A PL (5» V 5™) (ApL( ' lMpLfe)) : A PL (S«) x Q A Ph (S m ) 



M(S n V 5"") 



■M(£») x Q M(S m ), 



where zi : S n -> S" 1 V S™ and i 2 
commutative diagram 



5" 



S" 1 V S m are the inclusions. The 



S n x X 



ii x 1 



(3-1) 



-{S n V S m ) x X- 
(»|/») 



12X1 



X X 



enables us to give the following homotopy commutative diagram: 

M{S n V S m ) ® B 



(3.2) 




7Tlg>l 



(M(S n ) x Q M{S m )) ® B, 



where (g, ft.) is the map defined by (g, h)(v) = — 1® f{v) + {j\ ®l)g{v) 
for any v E V and j t : M(S n ) -> M(S n ) x Q M(S m ) and j 2 : M(5 m ) 



M(S n ) x Q 



M(S m ) are the inclusion. Indeed, by the diagram (|3.ip . we see that the diagram 

-M(S m )<8>£ 



M(S") 8) B - Pl81 (M(S n ) x Q Af(S m ))®ff P2 ®' 



(7r®l)(a|h) 

-AV- 
is homotopy commutative, where pi and p 2 are the projection. Let Hi and iJ 2 be 
homotopies from (pi7r (8) l)(g|ft) to g and from (p 2 7r (g) l)(g|ft) to ft, respectively. 
Then, a CDGA map H : AV -> (M (S n ) x Q Af(S m )) <g> B (g> A(i, dt) defined by 

= -1 ® 1 + O'l ® 1 ® l)iJl('W) + (j2 ® 1 ® 1)-H2(«) 



for any u £ is a homotopy from (jr ® l)(g|ft) to (<?, ft). If there is a map </> : 
AV^ -> M(S n V S™) (g» £ such that (tt <g> 1)0 = (g,h), <j) and (g|ft) is homotopic 
by Proposition 12.11 Therefore, it is only necessary to construct of a lift cf> of the 
diagram p. 21) for getting a model for (g\h). 

Lemma 3.2. There is a model 4> for (g\h) such that for any v € V , 4>(v) has no 
term of the form e n e m ® u for some u G B and the following diagram commutes 
strictly; 



M{S n V S r - 




B 
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Proof. First, we recall the construction of a lift cf>' in Remark 12.21 For any basis v 
of V, we can find a £ M(S n V S m ) ® B so that da = ftdv and (n ® l)a = (g, 7i)-y. 
We may write 

a = 1 ® /(a) + <g) a 5 + 

a : 

where a.; G -B and O a denote other terms. We put 

(3.3) a' = 1 (g> /(a) + e„ ® a 2 + e m <8> a 3 + t n +m-i ® («4 + da 5 ) + O a . 

Then it follows that d(a) = d(a') and (ir <23 l)(a) = (7r ® l)(a')- Hence, the map 
defined by 

= a' 

satisfies the condition that (ir ® l)<fi = (~g, h). Thus we see that <\> is a model for 
The second assertion is shown using the equation (|3.3p . □ 

Combining these results we prove our main result. 
Proof of Theorem Given a £ 7r n (map(X, Y;f)) and /3 £ 7r m (map(X, Y; /)). 
Let j : S" x I -> 7 and /i : 5 m x X — > F be the adjoint maps of a and /3, 
respectively. First, by the proof of Proposition 12.31 we see that a model rj for 
the universal example r\ sends t„+ m _i G M(>S™ V S"™) to (-l) n+m_1 e, i+m _i G 
M(S ,n+m-1 ). We choose a model <j> for the map (g\h) as in Lemma T3. 21 We may 
write, modulo the ideal generated by elements of M(S n V S m ) of degree greater 
than n + m — 1 and generators e2«_i and e2 TO -i if there exists, 

= 1 ® /(v) + e„ ® U 2 + e m ® M 3 + Ln+m-l ® «4, 
= 10 + e„ ® W i2 + e m ® Uj3 + tn+m-l ® Uj4 

for any v £ V and = v i v 2 ■••v s . Since, (rj (g> l)<fi{v) — 1 ® /(u) + e„+ m _i ® 
(_l)n+m-i U4) it f n ows that $([a,0] w )(v) = {-\) n+m - 1 u i . On the other hand, 4> 
is a CDGA map and satisfies the condition of Lemma 13.21 We then have 

67x6771 ® ^ 4 

• • ® yifyi(-i) eii /foi • • • ^-1)^2/(^+1 • • • wj-i)u j3 /(«j+i • ••««))• 

By commutativity of the diagram (|3.2p and the definition of $, we see that 
wi 2 = *(a)(»i) and Uj - 3 = *{P){v,). Therefore, $([a, #U)(u) = (-1)"+™-% = 
[3>(a), $(/?)] (w). This completes the proof. □ 

In the rest of this section, we also consider the Whitehead product in a based 
mapping space map t (X, Y; /). Given a £ tt„ (map„ (X, Y\ /)) and let j:S"x!-> 
Y" be the adjoint map of a. Since g satisfy g\x = f and g\s^ — *, by Lemma 
13.11 there exists a model for g, ~g, such that (e ■ l)~g = / and (1 • sjg = ue. The 
second equation shows that <J>(a) is a /-derivation of degree — n from AV to the 
augmentation ideal B + of B. We then get the map of abelian groups 

$' : 7r n (map„(X,Y;/)) — ► H^(AV, B+J); $'(a) = *(a) 

for n > 2 and a straight-forward modification of Theorem 12.41 shows the following 
proposition.. 

Proposition 3.3. The map <£>' : n n (m&p„(X,Y; f)) -> H^q(AV, B + ; /) is an iso- 
morphism for n > 2. 

This proposition also enables us to get the following corollary. 
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Corollary 3.4. The restriction of the bracket defined by (ll.ip in H^q(AV, B; f) to 
H* A q{KV,B + \ f) corresponds the Whitehead product in ^(map,, (X, Y; f)) via the 
above isomorphism $ from 7r„(map >t (X, /)) to H~^q(KV, B + ; /). 

Proof. Given a e 7r„(map(W, Y; /)) and f3 S 7r m (map(W, Y~; /)). Since e$'(a) = 
and £$'(/?) = 0, it follows that e$'([a, f3] w ) = by the formula (TEl]). □ 

4. The Whitehead length of mapping spaces 

In this section, we consider the Whitehead length of mapping spaces. We recall 
the definition of the Whitehead length; see Section 1. By the definition, WL(Z) = 1 
means that all Whitehead products vanish. Now we consider a upper bound of 
WL(map(X, Y; /)). The following result is proved by Lupton and Smith. 

Proposition 4.1 f [12l Theorem 6.4]). Let X and Y be Q-local, simply- connected 
spaces with finite type. If Y is coformal; that, is a minimal Sullivan model for Y 
of the form (AV, d\), then 

WL(map(X, Y; /)) < WL(F). 

We give another proof of Proposition 14.11 using the bracket defined by Theorem 
11.11 Before proving the proposition, we introduce a numerical invariant which 
is called the (ii-depth for a simply-connected space Z and recall the relationship 
between the Whitehead length and the di-depth. 

Definition 4.2. Let (AV, d) be a minimal Sullivan model for a simply-connected 
space Z and d\ the quadratic part of d. The d\-depth of Z, denoted by d\- 
depth(Z), is the greatest integer n such that V n ~\ is a proper subspace of V n with 

V-x =0, V = {v e V | div = 0} and Vi = {v G V | d x v € AVi-i} (i > 1). 

Theorem 4.3 (0 Theorem 4.15] [TD1 Theorem 2.5]). Let Y be a Q-local, simply- 
connected space. Then di-depth(Y") + 1 = WL(Y"). 

Proof of Proposition \^T\ Let m = di-depth(Y"). If 

= d m+1 («) = < +1 («) = Ui«2 • " U S 

for any v 6 V, then some Ui are zero by the definition of di-depth. It follows that, 
for any <p u (p 2 , . . . , <p m +2 £ Hf Q 2 (kV, B; /), 

[<PU [<P2, ■ ■ ■ [(fm+UVm+i] ■••]](«)= 0. 

Hence, by Theorem 11.11 and Theorem 14.31 we have WL(map(AT, Y; /)) < m + 1 = 
WL(Y). □ 

We next prove Proposition 1 1.41 
Proof of Proposition [T~4\ Let m = WL(map^(A", Y; /)). If m = 1, then the assertion 
is trivial, so we may assume that m > 2. By Corollary 13.41 there are elements 
<pi,(p2,"- ,<Pm in H^ 2 (AV, B+;f) such that 

[<Pi, [<P2, ■■■ , [<Pm-i,<Pm] ■ ••]](«) 7^ 

for some v & V. The formula (1, 1) yields that nilB > m. Moreover, if WL(F) = 1, 
then V = Kerdi by Theorem 14.31 It means that if c? m_1 (u) = ^ viv 2 ■ ■ ■ v s , then 
s > (m — 2)(oj — 1) + oj. Then we see that 

nilS > (m - 2)(w - 1) + u > u 

since [ipi, [(p 2 , • • • , [</?m-i, <Am] • ■ '}]( v ) 7^ 0. Therefore, we have m < — ^-(niLB — 
1) + 1. □ 
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Remark 4.4. Suppose that WL(Y) = 1 and WL(map„ [X, Y; /)) > 1. The proof 
of Proposition 11.41 enables us to conclude that nilP> > u> and that u> > 3 since 
V = Kerdi . Moreover we have 

WL(map,(I, Y; /)) < — — (nilP - 1) + 1 < nilP - 1. 
uj — 1 

Thus our upper bound of the Whitehead length of the mapping space may be less 
than that described in Theorem 11.31 



5. Computational examples 

We shall determine the Whitehead length of the mapping space from CP 00 x CP" 
to CFq° x CPq. For this, we first compute the homotopy group of the mapping 
space. Recall that the CDGAs (Q[z 2 ],0) and (A(x 2 ,x' 2n+1 ), dx' 2n+1 — x 2 +1 ) are 
minimal Sullivan models for CP 00 and CP™, respectively. Here, \x 2 \ = \z 2 \ = 2 and 
l^n+il — 2n + 1. Since CP m is formal, that is the CDGA map p 

(A(x 2 ,x' 2m+1 ), dx' 2m+1 = .t™ +1 ) — > (Q[y 2 ]/(% m+1 ),0) = P*(CP m ;Q) 



defined by p(x 2 ) = y 2 , p(x 2m+1 ) = is a quasi-isomorphism, so the CDGA (Q[iU2]< 
Q[y2]/(y2 n+1 ),0) is a model for CP 00 x CP'". 

Proposition 5.1. Let k > 2 and m < n. Then 



7r fc (map(CP°°xCP",CP^xCPr;/))= I 



Q (k = 2 and q 2 ^ 0) 
Q © Q (k = 2 and q 2 = 0) 

0Q (jfc= 2Z-1, 2 < Z <n+l) 

0<i— n — m — /+1 

(otherwise) 



Here, f is the realization of the CDGA map f 

Af(CP°°xCP") = Q[z 2 ]®A(i 2 ,4 +1 ) -> Q[tfl 2 ]®A(a:2,a:i m+1 ) - Ai^CP^xCP" 1 ) 

defined by f(z 2 ) = qi(w 2 <g> 1), /(x 2 ) = q 2 (w 2 ® 1) + 93(1 ® £2) and f(x' 2n+1 ) = 0. 
/or some gi, 02,03 € Q. 

Proof. Wc put Der" = Der"(Q[z 2 ] ® A(x 2 , x 2n+1 ), QM ® Q{y 2 }/ (y? +1 ); pj) for 
convenience. For any elements 9 r ^ s £ Der -2 , we may write 

0r, s (-£2) = r , ^,5(2:2) = s and 9 r ,s(x' 2n+1 ) = 
for some r, s G Q. Then, 

d6 r . s (z 2 ) = dO rtS (x 2 ) = 0, 96» r . s (a; 2 „ +1 ) = -ns( g 2 93 w 2 ® 2/2 )• 

When (72 7^ 0, we see that riS is a cycle if and only if s = 0, that is all cycles of 
Der -2 generated by #1,0- When q 2 = 0, Or,s{x' 2n+1 ) = since y 2 = 0. Hence, 6*i j0 
and 0o.i are generators of all cycles of Der -2 . In general, Der -2 ' = for I > 2 by 
degree reasons. It follows that 

Tr^maptCP 00 x CP",CPtf x CP$;f)) £ P -2 '(Dcr*) = (I > 2). 
For any 6> G Der -2 ' +1 , we may write 

n-l+i 

0(z 2 ) = 0, 6{x 2 ) = and 6(x' 2n+1 ) = ]T r lW \ ® y^ 1 ^ ■ 

i=0 
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Note that if / > n + 1, Der 21+1 = by degree reasons. It is easily seen that all 
elements of Der~ + are cycles. Moreover, we see that y^^ 1 - 1 = if and only if 
< i < n — m — I. Therefore, we have 

7r 2 (map(CP 00 xCP",CP J ? 3 xCP^;/))^i/- 2 (Dcr*) = ^ Q (fc - 2 and g 2 ^ 0) 



Q © Q (k = 2 and q 2 = 0) 
and 

Traj-iCmapCCP 00 x CP n ,CP^ x CKJ*;/)) S p- 2i+1 (Der*) = (I > n + l). 



□ 



Proposition 5.2. Le£ m < n. Then one has 
WL(map(CP°° x CP",CP { g° x CPX l ;f)) = 



2 (n - m = 1, 92 = 0, q 3 ? 0) 
1 (otherwize) 



Proof. By the definition of the bracket in P*(Der*), we see that if ip, i/) € 
H^- 3 (Der*), then [<p,ip] = since tp(x 2 ) = and tp(x 2 ) = 0. That is [ip',ip'] ^ 
means \(p'\ = = —2. It shows that 

WL(map(CP°° x CP n ,CP^ x CP^ 1 ;/)) < 2. 

If q2 7^ 0, by Proposition 15.11 P~ 2 (Der*) is generated by 0\fi. The equality 
[01,0, 0i,o] = shows that WL(map(CP°° x CP" ! CP^° x CP^ 1 ;'/)) = 1. On the 
other hand, if 172 = 0, #o,i is a generator of PT _2 (Der*) and 

[0O,l,0O,l](4n+l) = 33" 1 y2" 1 - 

This completes the proof. □ 
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